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Abstract 

Recently it was shown by Castro, Maloney and Strominger (CMS) that 4D Kerr black holes 
have a "hidden" conformal symmetry. Using some old results of Cvetic and Larsen, I show that 
this result is very likely to hold also for the most general black holes in five dimensions arising 
from heterotic/type II string theory. In particular, we show how the wave equation in these 
geometries in the "near region" can be written in terms of SL{2, M) x SL{2, M) Casimirs. For 
the special case when the black hole has two spins but no U{1) charges, detailed matches for 
entropy and absorption cross sections between CFT and geometry are found. The black holes 
we consider need not be close to extremality. 
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1 Introduction 

Castro, Maloney and Strominger (CMS) have given evidence in a recent paper [T] that the 
pliysics of (even far from extremal) Kerr black holes might be captured by a conformal field 
theory. This is interesting because unlike most of the things that string theorists are usually 
fascinated by, Kerr black holes have the virtue of being real. 

The evidence presented in fl] for the "hidden" conformal symmetry of Kerr came from three 
(possibly related) arguments. The first was the observation that the wave equation around the 
black hole in a specific limit ( "near- region" ) could be obtained as the quadratic Casimir of an 
SL(2, M) X SL{2, M) algebra. The second was a computation of the entropy of the black hole 
by an (unjustified, but impressively successful) extrapolation of the central charge computed in 
the (near-) extremal case. Finally, CMS observed that the absorption cross section for scalars 
in the near-region can be re-interpreted as a standard finite temperature CFT absorption cross 
section. 

The CMS result, precisely because it is tantalizing, begs us to investigate its robustness. 
This paper grew out of an attempt to see whether the entropy computation by means of 
extrapolating the central charge was a reasonable thing for black holes in general. We consider 
black holes in five dimensions, which have more freedom and therefore more chances of going 
"wrong" . In fact, we consider the most general black holes in 5D that arise as compactifications 
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of superstring theory, and discuss their hidden conformal structure. We find that indeed, the 
results of CMS seem quite robust in this context. We find all three pieces of evidence for these 
black holes as well, to varying degree of generality. The S'L(2,M) x 5*1/(2, M) Casimir structure 
of the near-region wave equation is universal for these black holes. The entropy computation 
and the absorption cross section, we undertake for a more restrictive class of cases where the 
f/(l) charges are zero. This case is still highly non-trivial. Adopting the CMS philosophy of 
extrapolating from the extremal case, we assume that there is a CFT with identical left and 
right right central chargefl We take the form of the central charge to be the same as in the 
extremal case. We find that the results match precisely with the classical Bekenstein-Hawking 
result. 



2 Geometry, Wave Equation and SL{2,R) x SL{2,R) Structure 

In this section, we will start by considering the most general black holes of the low energy 
effective action for type Il/heterotic string theory, toroidally compactified down to five dimen- 
sions These solutions are determined by the mass, two independent angular momenta, 
and three U{1) charges. Later, when we make explicit comparisons of entropy and scattering 
between the geometry and the CFT, we will restrict to the case where the angular momenta 
are independent, but the U{1) charges are set to zero. This is what is usually referred to as 
a doubly spinning Myers-Perry black hole: in this case, we will be able to take advantage of 
various results (like central charges in certain limits) that are already known in the literature 
and do some detailed matches. But to show that the near-region scalar field equation can be 
reproduced as an SL{2, M) x SL{2, M) Casimir, we do not need to make this assumption and 
that is what we do in this section. 

The metric is quite complex and can be written in many forms, we will merely refer the 
reader to the Appendix of p]- The remarkable fact is that despite the complexity of the metric, 
the wave equation in the geometry reduces to a surprisingly simple form [2]: 

+ r( '^R '^L — ) -t( '^R ^'^L — ) J'I'o = , 

X — ^ K+ X + 2 ^- 

where x is a radial coordinate related to a more conventional Boyer-Lindquist-like coordinate 



"'^In the CMS context, there was previous evidence from the computation of the near-extremal case that the 
right-moving central charge was identical to the left-moving central charge. In the cases we consider, as far as 
I am aware, the near-extremal cases have not been investigated. So the assumption we are making is exactly 
that: an assumption. 
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by 



(ri — rl 



with r+ and r_ the locations of the outer and inner horizons. A is a constant that we will 
never need. The $o arises from the expansion of the Klein-Gordon scalar field in the black hole 
geometry according to 

$ = $Q(r) x{(^) e'^'^'^^^'^'''^^^"^'^'^ = $o(^) x(^) e"*'^*"'"''™-^*-'^"'"'^-'"'"*™'^*-'^"'^-' . (2.3) 

A stands for the eigenvalue of the angular Laplacian, and m^^^ = m/j±mL are the two azimuthal 
quantum numbers. General expressions for k,^, k,-,Ql,^r can be found in [2]. We will write 
down Ql, Qji in terms of the angular velocities at the horizon with respect to the angles in the 
geometry (0 and her^: 

= ^0 + = ^(f) — (2-4) 

In a subsequent section, we will write explicit expressions for them in a more useful form in 
certain special cases. For the moment, all that matters to us is that K- > «:+ and that the 
Hawking temperature of the hole is determined as 

Th = -- = —. (2.5) 

Ph k,+ 

In the near-region that we are interested in A will reduce to /(/ + 2) (corresponding to the 
angular part being an S^). This region, which is the crucial region for demonstrating the origin 
of the conformal structure, is defined by 

wM<l, r<-. (2.6) 

CO 

The scalar wave equation then reduces to 



dx\ aJ dx ^ 4 



— -rriR- rriL — y {— - mn— + rriL- 



•^2 "T 2 



$0 = /(/ + 2)$o 



Following [T], we now show that this equation can be reproduced by the introduction of 
"conformal" coordinates. The number of possible azimuthal angular coordinates (and therefore 
independent angular momenta) in five dimensions is two. In [3J it was noticed that at least 



^This differs from the equations (25, 26) in [5] by a factor of two. We believe that (25, 26) is a typo: in 
particular, according to footnote 3 in [5] the angular momenta also follow the same relation. This is impossible 
because potentials and charges should transform oppositely. We have checked that consistency of the relations 
(like thermodynamics) requires our choice. 
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when the black hole was extremal, each of these circles (0 and ip in our notation) gave rise 
to an independent chiral CFT. Away from extremality, we expect to have both left and right 
CFTs for each of the circles, so that is what we will try to see here. So we will look at two 
kinds of waves that impinge on the black hole: one where the modes are not excited and 
the other where are not excited. In both these cases, as we show below, we can write the 
wave equation above as the Casimir of an S'L(2,M) x 5-^(2, M) algebra. We show this for the 
case when the modes are ■^/'-singlets, i.e., = 0, the other case (m^ = 0) is trivially related. 

Before we proceed, we emphasize that there are two distinct notions of left and right in the 
geometry. Firstly, there is the fact that ip + ip and (f) — ip are the coordinates used by Cvetic 
and Larsen and in terms of which the entropy and other thermodynamic quantities have a nice 
left-right split [2]. What we discussed in the last paragraph is a distinct notion, arising from 
a left and right CFT for each of the two angles and ip. This is inspired by the observation 
in [3] that in the extremal limit, there seems to be an effective(?) CFT that can capture the 
entropy from each of the circles. 

In any event, we introduce the conformal coordinates 





- r\ 








— r\ 








— r\ 



w+ = /__±e™-2^«* (2.7) 



^2 lyi 2 

where 

^ 1 ^+(^~ - K+) ^ 1_ + K+) 

— K_|_) — + K_) ' — K^) — ^Ii{k^ + /€_) 

Note that these expressions for the left and right moving temperatures hold for all Cvetic- Youm 
black holes. In the next section, we will use a specific version of this expression to do a more 
specific check. Following [Ij, now we may define left and right-moving vectors by 

Hi = id+ , Ho = t{w+d+ + ^ydy) , H_i = t{w+^d+ + w^ydy - y'dS) , (2.12) 

Hi = id. , Ho = tiw-d- + ^ydy) , H.i = t{w-^d. + w'ydy - y^d+) . (2.13) 
which each satisfy the S'L(2,M) algebra 

[Ho, H±i] = T^H^i , [H-i, Hi] = -2tHo . (2.14) 
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The quadratic Casimir of this 
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{y'^dl - ydy) + y^d+d- 



(2.15) 



The crucial observation is that this Casimir, when written in terms of (f),t,r, reduces to the 
wave equation with = on the black hole: 



An entirely analogous construction holds also if we consider the ip circle instead of the 
circle. 

Thermal Density Matrix: Following the same Rindler- inspired arguments as in CMS [Tj, 
we now notice that the periodic identification of (p by 2n results in a thermal density matrix 
at temperature {Tl,Tr). It should be noted however that in our case, we find such a structure 
for each of the azimuthal circles of the black hole (i.e, both for (p and tp). There seems to be 
two S'L(2,M) X SL{2,M.) structures in the geometry. 

In [3] it was found that in the extremal limit of rotating higher dimensional black holes, 
there is a chiral (say, left-moving) CFT corresponding to each direction of rotation. In the 4D 
Kerr case, it is known that moving away from extremality amounts to turning on a right moving 
sector on top of the left-moving sector that was visible at extremality. So it is natural to expect 
that in the higher dimensional case we are interested in, if we consider the non-extremal case 
(like above), there should be both a left and right CFT for each direction of rotation. The 
doubled 5'L(2,R) x S'L(2,M) structure we find above corroborates precisely that expectation. 
It would be interesting to see how these two SL{2,M) x S'L(2,M)'s are related. The counting 
of independent quantum numbers in the geometry seems to suggest that they should not be 
independent, it is possible that they are related by some version of a "T-duality"§. 

The structure we found is generic, but we can do more concrete and detailed tests in more 
specific cases. In the Kerr case, it was found that when the black hole was near-extremal as 
opposed to extremal, the left and right CFTs had central charges which were identical and 
equal to 



In [T] it was found that assuming that this form for the central charge was preserved even far 
away from extremality and then using the Cardy formula with the left and right temperatures 

■^I thank S. Sheikh- Jabbari for this comment. 




(2.16) 




cl = cr = 12J. (for 4D Kerr) 



(2.17) 
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(the analogues of our eq. fl2.10p ) reproduced the entropy of the generic Kerr black hole. We 
will find that a similar strategy works even for the five dimensional black holes when the U{1) 
charges are set to zerc0 and that the entropy matches in quite a non-trivial way. 

3 Entropy From the CFT 

In this section, we will work with the case of the black hole with two spins but no Abelian 
charges. There are two reasons for doing this. One is that the explicit forms of the inner and 
outer horizons are rather simple in this case, while permitting rather non-trivial checks for the 
entropy. Secondly, in [3], the extremal limit of this black hole was investigated and the central 
charge was computed, so we can directly use their result. 

Before we proceed, one word about the notation translation between [2] and [5]: the case 
that we consider now corresponds to setting 5j = in the notations of [2] . Then, the parameters 
of the black hole are related as (subscripts denote Cvetic-Larsen and Lu-Mei-Pope): 

f^iCL) = 2M(iMP), h{CL) = ^(LMP), h(CL) = b(LMP)- (3.1) 

Some care needs to be exercised in matching the two notations. Firstly, the parameter M as 
defined in LMP is not the mass that shows up in the the equations of black hole thermodynamics 
(if one takes their J as the thermodynamic J). Instead, it is given by = this is 

explicitly stated in [5] whose notations are the same as those of [3J. This results in a factor of 
4/ IT difference between the extensive quantities (mass, angular momentum, entropy) used by 
CL and LMP. This seems to be due to a difference in the choice of units in Newton's constant. 
The thermodynamical relations hold in both cases (of course), but there is an overall scaling 
by a numerical factor. We will follow the notations of [3] consistently in this section. 

The central charges of the five dimensional black hole was computed in P] in the extremal 
limit. It was found for the 5D black hole (with the cosmo logical constant set to zero in [3]) 
that the 0-direction of rotation corresponds to a chiral CFT with central charge 

= ^TTbia + hf. (3.2) 

A bit of algebra using the expressions in [3] shows that in terms of the mass and angular 
momenta of the black hole (M, J^, J^), this can be written as 

= QJ^. (3.3) 

^The more general case will not be undertaken in this paper, partly because it seems that the computations 
of the central charges in the extremal case are not available in the literature. But it seems likely that the result 
should hold there as well. 
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A similar result holds for the central charge along the tp direction. 

Now we make use of the observation that in 4D Kerr, near-extremal black holes corresponded 
to a CFT with right and left central chargei§ cl = cr = 12 J = CiExtremai- Assuming that this 
result holds for far-extremal black holes lead to the successful matches in [1]. We will assume 
that such a statement is true also in the case of the 5D black hole. That is, we will assume 
that away from extremality, the CFT along the 0-circle will have both a left and right-moving 
piece, both with identical central charges given by f l3.3p . Remarkably, this assumption precisely 
reproduces the correct entropy. 

Following [Ij we will use the Cardy formula to compute the entropy of the black hole: 

S = Y^clTl + crTr) = y (6J^)(ri + Tr). (3.4) 

At this stage, we need the explicit forms of k+, k_, fi^., for the doubly spinning black hole. 
Using the results in [21 E], we can compute 

^ r+(a-&)(r+ -r_) ^ r+{a + h){r+ + r_) 

(r2 +a2)(r2 +62) ' {^1 + a^){rl + b^) ^ ' 

'^^ (r2 +a2)(r2 +62)' r_{rl + a''){rl + b'^)' ^ ' 

Here r_|_ and r_ are the outer and inner horizons. Note that since we are working with the 
simplified case with no U{1) charges, the equation determining them reduces effectively to a 
standard quadratic equation [3] . The relations in [2] are written in terms of the explicit solutions 
of the roots, and we have found the following two relations very useful in translating to the [3] 
language: 

(r2 +a2)(r2 +62) 

£f r^r^ = ab, (3.7) 

both of which are immediate consequences of the equation determining the horizons. Using 
these, after a bit of algebra, we find that the left and right moving temperatures found in the 
last section become 

These, together with the fact that 

TcMb , , 

^^ = ^ (3-9) 

^Here the final equality is supposed to capture the equality as a function of J. The value of the central 
charge will be different in the extremal and non-extremal cases. 
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leads to the result for the entropy 

S^fi^l^Min, (3.10) 

which agrees precisely with the gravity result presented in eq. (3.3) of [3] (we are working with 
cosmological constant zero). It is also to be noted that the right temperature vanishes, while 
the left temperature goes to the result obtained in |3j in the extremal limit (r+ = r_ = tq): 

Tji = 0, Tl = — 1=. (at extremality). (3-11) 
iry/ab 



4 Absorption Cross Section 

Now we show that the absorption cross-section for scalars (with = 0) in the near-region 
of the black hole can be interpreted as arising from a CFT at the left and right temperatures 
presented before. Again, we start with the most general black hole. The general absorption 
cross section is easy enough to write down using the results in [2], but we will only present the 
case when = 0: 



Pabs ~ sinh (^^{^^ - m^^^)^ 



X (4.1) 



An 
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The symbols involved are defined as: 



27r ^ 27r 27r ^ 27r 27r , 
/9i/ = — , /3i? = — + — , Pl = (4.2) 

In the near-region approximation that we are working with, ^ in [2j simplifies to the form 

^ = /o + 1, where /q = V2- (4.3) 

Note that with this definition for /q, the eigenvalue of the 5*1/(2, R) Casimir that we defined 
earlier takes the form 2/o(2/o + 2) = AIq{Iq + 1). It is (/q, ^o) = (^l, ^r) that we identify as the 
conformal weights of the field. 

To proceed with the matching, we first note that the first law of the black hole thermody- 
namics takes the form 

ThSS = 6A4 — ^(f,SJ^ — fl^6J^ = u — m^Q^ — m^Q^ (4.4) 

From this point we restrict to the case where the U{1) charges of the black hole are zero. 
Note that in this pointed out before, the mass that shows up in the thermodynamical 
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relation is Ai 



3ttM 



in the notations of [3J. It can be explicitly checked that the first law of 
thermodynamics holds by plugging in the expressions for the various quantities. It is customary 
to work with mass and angular momenta as the basic variables of the black hole when doing 
the variations, but we find it more convenient to work with r^,a,b as the independent variables 
and match the right and left hand sides in terms of them. 

The next step is to identify charges such that 



6S 



SEl ^ 5Er 



Tr 



T, 



(4.5) 



R 



Since we are working with the case = 0, we are looking at constrained variations. The basic 
variations are 6Ai = u, 6J^ = m^, 6J^ = m^. So we set 5J^ = to zero and then solve for 
5r_|_, 5a, 6b in terms of u, m^. With these at hand we find that there are two canonical choices 
for 6 El = ul and 6Eii = ujr that bring (14. 2 p to the form of a thermal CFT absorption cross 
section: 



[a + b){ab + r1)m^ (a^ + r^)(6^ + r^)a; 

^ (26^5 ' 

{a^ + rDib"^ + r\)u} 



2b{ab - rl) 

(a — b){ab — rl)m^ 
2b{ab + rl) 



+ 



2brl 



(4.6) 
(4.7) 



and, 



^R 



2b 



b)m^_ ^ (a^+ rl){ab + rl){b'^ + rl)uj 



26rl(ri 



ab) 



(a + b)m^ ^ (a^ + r^)(r^ — ab){b'^ + rl)u 



2b 



2brl{rl + ab) 



(4.8) 
(4.9) 



Either one of these choices brings the absorption cross section to the standard thermal CFT 
form: 



abs 



rp2hi^- 



^ OJR 



2Tr 2T, 



R 



2nTr 



T{hn + ^ 



^R 



2nT, 



R 



(4.10) 



5 Comments 



The results of this paper suggest that even away from extremality, each azimuthal circle 
gives rise to an effective (left-right) CFT for rotating black holes. A natural question is how 
seriously should one take these CFTs, and in particular how they are related to each other. 
It seems that there is some redundancy because both sets of CFTs are able to reproduce the 
entropy of the hole. 
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The fact that there is an SL{2, M) x SL{2, M) seems to suggest the presence of an auxihary 
AdSs that captures the wave equation. The periodicity in the angular direction is interpreted as 
a spontaneous breaking of the SL{2, M) x SL{2, M). It would be interesting to see whether one 
can construct a useful notion for a Green function for Kerr by starting with the non-compact 
space and using some version of the method of images (see [6]). It will be very interesting to see 
how far one can push the usual technology of AdS/CFT in this auxiliary space: the question 
of what takes the role of the boundary, stress tensors, holographic renormalization, etc. might 
be tractable. 

A program that is likely to be of immense interest from an astrophysical point of view would 
be to use this hidden conformal structure (or near-conformal structure) to study the physics of 
stellar black holes, neutron stars and supermassive black holes such as the one in the Galactic 
center. There are plenty of open problems there, and it might not be so far out to hope that 
such an approach is of some practical promise. 

It would also be interesting to see whether any of this can be generalized to the study of the 
more general black objects that have been constructed recently in five and higher dimensions 
[8]. Previous work on the Kerr-CFT correspondence can be found in [7]. 
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